The role of the cyclic quasinormal subgroups has been recently described in groups both finite and infinite by S.Stonehewer and G.Zacher. This role can be better analyzed in the class of compact groups, obtaining restrictions for the probability that two randomly chosen elements commute.
Introduction
Following [1, 2, 5, 6, 7, 10, 12] , if G is a finite group, the probability that two randomly chosen elements of G commute is defined to be #com(G)/|G| 2 , where |G| 2 is the order of the set G × G and #com(G) is the number of pairs (x, y) ∈ G × G such that xy = yx. For infinite groups this ratio is no longer meaningful, but in the class of the compact groups it is possible to proceed in analogy with the finite case.
We will denote with cp(G) the probability that two randomly chosen elements of G commute. If G is a finite group, then cp(G) = #com(G)/|G| 2 and literature on cp(G) can be found in [1, 2, 3, 5, 6, 7, 10, 12] when G is a finite group.
If G is a non-abelian finite group, then cp(G) ≤ 5/8. Furthermore, this bound is achieved if and only if G/Z(G) is isomorphic to the non-cyclic group of order 4, where Z(G) denotes the center of the group G. This result has been known for a long time [6] .
The present paper adopts the standard formulation for the notion of measure space in probability, for the notion of locally compact topological group and for the notion of Haar measure. They can be found in [8] , which will be used as general reference of such subjects.
It is useful recall that every locally compact topological group G admits a left Haar measure μ, which is a positive Radon measure on a σ-algebra containing Borel sets with the property that μ(xE) = μ(E) for each element x of the measure space X (see [8, Sections 18.1 and 18.2] ). The support of μ is G and it is usually unbounded, but if G is compact, then μ is bounded. For this reason we may assume without ambiguity that a compact group G has a unique probability measure space (G, M, μ) with normalized Haar measure μ (see [8, Proposition 18.2.1] ). Now, let us state the following definition which is adapted for the compact groups.
Let G be a compact group with the normalized Haar measure μ. On the product measure space G × G, it is possible to consider the product measure μ × μ which is a probability measure. If
y −1 xy and 1 G denotes the neutral element of G. It is clear that f is continuous and so C 2 is a compact and measurable subset of G × G. Therefore it is possible to define
Obviously if G is finite, then G is a compact group with the discrete topology and so the Haar measure of G is the counting measure. Following [13] , a cyclic subgroup A of an arbitrary group G is called quasinormal in G if AH = HA for each subgroup H of G. Literature on quasinormal subgroups can be found in [9, 11] and many results are known on their role with respect to subnormality, modularity [11] and similar conditions weaker than normality [11] . We recall that in a group G,
where K is a subgroup of G. Finally the symbol H G will denote the core of H in G. See [9] or [11] for details.
The main results of the present paper are listed below.
Theorem A. Let G be a non-abelian compact group, n be a positive integer and A be a cyclic quasinormal 2-subgroup of G. 
Most of our notation is standard and can be found in [9] and [11] .
Proof of Theorem A
In this Section G is assumed to be a non-abelian compact group (not necessarily finite even uncountable) with normalized Haar measure μ. The purpose of most of the results of this Section can be found in [3] and here they have been presented for convenience of the reader.
where μ(C G (x)) = G χ C 2 (x, y)dμ(y) and χ C 2 denotes the characteristic map of the set C 2 .
Proof. Since μ(C
♦ Lemma 2.2. Let H be a closed subgroup of G and n be a positive integer.
Proof. Assume that |G : H| = k, where k is a positive integer. Then the proof follows from the equality
Lemma 2.3. Let G/Z(G) be a p-group of order p k , where k is a positive integer and p is a prime. An element x does not belong to Z(G) if and only if
μ(C G (x)) ≤ 1 p .
Proof. It is clear that if x ∈ Z(G) then |C G (x) : Z(G)| ≤ p
k−1 and therefore 
Proof. Assume that G/Z(G) is 2-elementary abelian of rank 2. Then we may write G as the union of 4 distinct cosets
Thus, we have
. ♦
Now, we are able to prove Theorem A.
Proof of Theorem A. [13, Theorem 3.5] implies that
is cyclic of order 4, then G is abelian and this cannot be. Assume that G/B is 2-elementary abelian of rank 2. Since the class of 2-elementary abelian groups of finite rank is closed with respect to subgroups, homomorphic images and extensions of its members, we are in the condition to apply Theorem 2.4 and (i) follows. Now we proceed to prove (ii). Assume that cp(G) = by Lemma 2.2. Moreover, if
by Lemma 2.3. Then we have
which is a contradiction and this implies that G/Z(G) is 2-elementary abelian of rank 2. We have found a homomorphic image of G which is 2-elementary abelian of rank 2. Following the initial remark on B, we conclude that B ≤
Examples
In final Section, we give some examples of finite groups which are satisfying the main theorems of the present paper. Example 1. This Example modifies [12, Example 2] . Let H and X be cyclic groups of order 27 and 81, respectively, and let H = h and X = x . We form the split extension G = HX where H is normal in G and h x = h −1 . Let a = hx 3 and A = a , a cyclic group of order 27. Then 
Actually A is quasinormal in G. Here we have that G is a finite 3-group which satisfies the conditions of Theorem B. In particular cp(G) ≤ Example 3. Each non-abelian compact group G which has infinite nontrivial center Z(G) and G/Z(G) which is 2-elementary abelian of rank 2 satisfies trivially Theorems A and B of the present paper.
